
Supplementary Methods

S1. Algorithm for solving the scINSIGHT model

The complete procedure for solving the scINSIGHT model is given in Algorithm 1. It is derived
with the following major steps.

In the scINSIGHT model, we minimize the objective function L by iteratively solving

V (k, ·)← argmin
v

L
(
{W`1,W`2}L`=1, {Hj}Jj=1, V (1, ·), . . . ,

V (k − 1, ·), v, V (k + 1, ·), . . . , V (K, ·)) ,
(s1)

for k = 1, 2, . . . ,K;

W`2(·, k)← argmin
w

L
(
{W`1}L`=1, {W`′2}L`′ 6=`, {Hj}Jj=1, V,W`2(·, 1),

. . . ,W`2(·, k − 1), w,W`2(·, k + 1), . . . ,W`2(·,K)) ,
(s2)

for k = 1, 2, . . . ,K, ` = 1, 2, . . . , L;

W`1(·, k)← argmin
w

L
(
{W`′1}L`′=1,`′ 6=`, {W`2}L`=1, {Hj}Jj=1, V,W`1(·, 1),

. . . ,W`1(·, k − 1), w,W`1(·, k + 1), . . . ,W`1(·, k)) (s3)

for k = 1, 2, . . . ,K, ` = 1, 2, . . . , L.

Hj(k, ·)← argmin
h

L
(
{W`1,W`2}L`=1, V, {H ′j}Jj′=1,j′ 6=j , Hj(1, ·), . . . ,

Hj(k − 1, ·), h,Hj(k + 1, ·), . . . ,Hj(Kj , ·)) (s4)

for k = 1, 2, . . . ,Kj , j = 1, 2, . . . , J .

The minimization problem of (s1)

The minimization problem of V (k, ·) can be formulated as

argmin
v≥0

L∑
`=1

1

m`

∥∥∥W`2(·, k)vT −R
(V )
`k

∥∥∥2
F
,

where

R
(V )
`k = X` −W`1Hj` −

K∑
k′=1,k′ 6=k

W`2(·, k′)V (k′, ·). (s5)
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Algorithm 1: The BCD algorithm for the scINSIGHT model

Input : X` ∈ Rm`×n+ ,K,Kj , λ1andλ2.

Output: V ∈ RK×n+ ,W`1 ∈ Rm`×Kj`+ ,W`2 ∈ Rm`×K+ , Hj ∈ RKj×n+ .
1 Initialize V , W`1, W`2 and Hj with random nonnegative values.
2 while not converged do
3 for k = 1, . . . ,K do

4 V (k, ·)←

[∑L
`=1

1
m`

(
R

(V )
`k

)T
W`2(·,k)

]
+∑L

`=1
1
m`
‖W`2(·,k)‖22

.

5 end
6 for ` = 1, . . . , L do
7 for k = 1, . . . ,K do

8 W`2(·, k)←
[
W`2(·, k) +

(X`−W`1Hj`−W`2V )V T

‖V (k,·)‖22

]
+

.

9 W`1(·, k)←
[
W`1(·, k) +

(X`−(1+λ1)W`1Hj`−W`2V )Hj` (k,·)
(1+λ)‖Hj` (k,·)‖

2

2

]
+

.

10 end
11 end
12 for j = 1, . . . , J do
13 for k = 1, . . . ,Kj do
14 Hj(k, ·)←[

Hj(k, ·) +
∑
j`=j

1
m`

(X`−(1+λ1)W`1Hj−W`2V )TW`1(·,k)−
λ2
4

∑J
j′ 6=j

∑Kj′
k′=1

Hj′ (k
′,·)∑

j`=j
1+λ1
m`
‖W`1(·,k)‖22

]
+

.

15 α = ‖Hj(k, ·)‖2.
16 Hj(k, ·)← Hj(k,·)

α .
17 // Adjust all W`1(·, k) satisfying j` = j.
18 W`1(·, k)← αW`1(·, k).
19 end
20 end
21 end
22 for k = 1, . . . ,K do
23 β = ‖V (k, ·)‖2.
24 V (k, ·)← V (k,·)

β .
25 // Adjust all W`2(·, k).
26 W`2(·, k)← βW`2(·, k).
27 end
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Consider a minimization problem

min
v≥0

L∑
`=1

1

m`

∥∥u`vT −G`∥∥2F ,
where G` ∈ RM`×N and u` ∈ RM`×1 (` = 1, 2, . . . , L). We further denote vT = (v1, v2, . . . , vN ) and
G` = [g`1, g`2, . . . , g`N ]. Since v ≥ 0, we have

min
v≥0

L∑
`=1

1

m`

∥∥u`vT −G`∥∥2F =
N∑
n=1

min
vn≥0

L∑
`=1

1

m`
‖u`vn − g`n‖22 ,

where the minimum is achieved at

vn = max

{
0,

∑L
`=1

1
m`
uT` g`n∑L

`=1
1
m`
‖u`‖22

}
=

[∑L
`=1

1
m`
uT` g`n

]
+∑L

`=1
1
m`
‖u`‖22

.

Therefore, the solution of (s1) is

V (k, ·)←

[∑L
`=1

1
m`

(
R

(V )
`k

)T
W`2(·, k)

]
+∑L

`=1
1
m`
‖W`2(·, k)‖22

. (s6)

Replacing R(V )
`k in (s6) with expression in (s5), we have

V (k, ·)←

[
V (k, ·) +

∑L
`=1

1
m`

(X` −W`1Hj` −W`2V )T W`2(·, k)∑L
`=1

1
m`
‖W`2(·, k)‖22

]
+

.

The minimization problem and solution of (s2)

The minimization problem of W`2 (·, k) appears as

min
w≥0

1

m`

∥∥∥V (k, ·)wT −
(
RV`k
)T∥∥∥2

F
.

Using a similar approach as above, the solution of (s2) is

W`2(·, k)←

[
R

(V )
`k V (k, ·)

]
+

‖V (k, ·)‖22
. (s7)

Replacing R(V )
`k in (s7) with expression in (s5), we have

W`2(·, k)←

[
W`2(·, k) +

(X` −W`1Hj` −W`2V )V T

‖V (k, ·)‖22

]
+

.
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The minimization problem and solution of (s3)

The minimization problem of W`1 (k, ·) appears as

min
w≥0

1

m`

∥∥∥∥Hj`(k, ·)w
T −

(
R

(H)

`k

)T∥∥∥∥2
F

+
λ

m`

∥∥Hj`(k, ·)w
T + ST`k

∥∥2
F

where

S`k =

Kj∑̀
k′=1,k′ 6=k

W`1(·, k′)Hj`(k
′, ·)T , (s8)

R
(H)
`k = X` −W`2V − S`k. (s9)

Using a similar approach as above, the solution of (s3) is

W`1(·, k)←

[(
R

(H)
`k − λS`k

)
Hj`(k, ·)

]
+

(1 + λ) ‖Hj`(k, ·)‖
2
2

. (s10)

Replacing S`k and R(H)
`k in (s10) with expression in (s8) and (s9), the solution can be rewritten as

W`1(·, k)←

[
W`1(·, k) +

(X` − (1 + λ)W`1Hj` −W`2V )Hj`(k, ·)
(1 + λ) ‖Hj`(k, ·)‖

2
2

]
+

.

The minimization problem and solution of (s4)

The minimization problem of Hj(k, ·) appears as

min
h≥0

∑
j`=j

1

m`

[∥∥∥W`1(·, k)hT −R
(H)
`k

∥∥∥+ λ1
∥∥W`1(·, k)hT + S`k

∥∥2
F

]
+
λ2
2
hT

J∑
j′=1,j′ 6=j

Kj′∑
k′=1

Hj′(k
′, ·).

Consider a minimization problem

min
v≥0

∑
i∈I

1

mi

[∥∥uivT −Gi∥∥2F + λ1
∥∥uivT +Qi

∥∥2
F

]
+ λ2v

Tw,

whereGi, Qi ∈ RMi×N , ui ∈ Rmi×1, i ∈ I andHj ∈ RKj×N are given. Let vT = (v1, 2, . . . , vN ), Gi =

[gi,1, . . . , gi,N ] , Qi = [qi,1, . . . , qi,N ] and Hj = [hj,1, . . . , hj,N ]. Since v ≥ 0, we have

min
v≥0

∑
i∈I

1

mi

[∥∥uivT −Gi∥∥2F + λ1
∥∥uivT +Qi

∥∥2
F

]
+ λ2v

Tw

=
N∑
n=1

min
vn≥0

∑
i∈I

1

mi

[
‖uivn − gi,n‖22 + λ1 ‖uivn + qi,n‖22

]
+ λ2vnwn.
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Solving the above problem, that the solution of (s4) can be obtained:

Hj(k, ·)←

Hj(k, ·) +

∑
j`=j

1
m`

(
R

(H)
`k − λ1S`k

)T
W`1(·, k)− λ2

4

∑J
j′=1,j′ 6=j

∑Kj′

k′=1Hj′(k
′, ·)∑

j`=j
1+λ1
m`
‖W`1(·, k)‖22


+

.

(s11)

Replacing S`k and R(H)
`k in (s11) with expression in (s8) and (s9) we have

Hj(k, ·)←

Hj(k, ·) +
∑

j`=j
1
m`

(X` − (1 + λ1)W`1Hj −W`2V )T W`1(·, k)− λ2
4

∑J
j′=1,j′ 6=j

∑Kj′

k′=1Hj′(k
′, ·)∑

j`=j
1+λ1
m`
‖W`1(·, k)‖22


+

.

After we update Hj(k, ·), we need to calculate the L2 norm of Hj(k, ·) as α = ‖Hj(k, ·)‖2, then

normalize it by

Hj(k, ·)←
Hj(k, ·)

α
,

and adjust all W`1(·, k) satisfying j` = j by

Wj`(·, k)← αWj`(·, k) .

After we finish the iteration, we need to calculate the L2 norm of V (k, ·) as β = ‖V (k, ·)‖2, then
normalize it by

V (k, ·)← V (k, ·)
β

,

and adjust all W`2(·, k) by

W`2(·, k)← βW`2(·, k) ,

for ` = 1, 2, . . . , L, k = 1, 2, . . . ,K.

5


	Algorithm for solving the scINSIGHT model

